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ABSTRACT We derive the retarded van der Waals interaction between two long
thin parallel dielectric cylinders immersed in a solvent. The result shows that the
ultraviolet interactions which may be responsible for the specificity of macro-
molecular interactions do not operate strongly over distances R > 50 A. For greater
distances the contribution of these frequencies ¢ is damped by a factor o« e tRle,

1. INTRODUCTION

In a preceding paper' we have derived an expression for the nonretarded interac-
tion between thin isotropic dielectric cylinders. In this paper we consider retarda-
tion of the interaction due to the finite velocity of the speed of light which become
increasingly important as the separation of the interacting media increases. Their
effect is to cause the interaction to decrease much more rapidly as the separation
increases. For example, the interaction between planar geometries separated by a
distance / changes from A/ to B/I* due to retardation (1-3). For dipoles the inter-
action changes from «/I* to 8/I" (4-6). This transition is not a sharp one but for
most systems it takes place in the region where the separation is ~ 100 A.

For some biological systems involving cylindrical molecules, e.g. viral assembly
and muscle filaments (7), this distance regime can be important and hence it is
important to evaluate the retarded van der Waals force for these types of cylindrical
systems.

The general formalism is given in section 2. In section 3 we restrict ourselves for
simplicity to thin cylinders. Fat cylinders will be discussed elsewhere.

In section 4 we summarize our conclusions. Certain technical problems are con-
tained in the two appendices.

2. METHOD

In order to evaluate the dispersion relation for the electromagnetic modes of inter-
action, we shall proceed in the following manner. First we evaluate the response of

1 Mitchell, D. J., B. W. Ninham, and P. Richmond. 1973. Biophys. J. 13:359.
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a single cylinder to an arbitrary incident electromagnetic wave. Then we identify
this incident wave with the reflected wave of a second cylinder. The normal mode
equation then follows in a straightforward manner.

Consider first then an infinite cylinder of radius @ and dielectric susceptibility
e1{w) immersed in a dielectric medium of susceptibility e;(w). We assume all media
are nonmagnetic. The electromagnetic fields &, & in the system are determined by
Maxwell’s equations. Taking Fourier transforms with respect to time these can be
written as:

VXE&= iBc V&

0, (1
VX®=—iw/c V-&=0.

From these equations we can derive the wave equations which are satisfied by the
cartesian components of the fields:

2

VE+EE=0, (2)
C
2

v2&+‘—‘;;&=o, (3)

where inside the cylinder ¢ = e1(w) and outside e= e;(w). We take solutions of the
form

§ = Ee™ & = Be™, (4)

where the z axis is parallel to the cylinder axis. The general solution to Egs. 1-4
inside the cylinder can then be written (see Appendix I) as follows:

_ Jalurr) ™
B A )
_ Jo(urr) ™
B B e ‘o)
_ 1 . J:.(ul r) nw Jn(ulr)} inf
E = 'u_{z,.:{A” ik Ju(ur a) B, cunr Tnwa)) ¢ (1)
_ i ikn J.(uyr) _ I3 J:.(u1 r)} ind
E = ulz,.:{A" ur J.(u a) B Twa) ¢ (8)
where
26
L (9)
C
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The subscripts z, r, 8 denote the usual vector components in cylindrical coordinates,
J. are ordinary Bessel functions, and the sums over n range from — « to «. The
remaining components of B can be determined from Egs. 1. Similarly, the cor-
responding solutions outside the cylinder are given by:

HY (usr) Jn(usf)} ind
E. = Cph———" L F, 2" , 10
z":{ HY (uz a) + Ja(us a) ¢ (10)
— HY (ugr) Jn(u3r)} inf 1
B, ;{D, ) + G T e (11)

(1’ n
Ef=-l—Z{CnikH" (ulr)_anan (uSr)
u % H®(uz a) cusr HY(usa)
. J;(ul r) - ann Jn(ulr)} nd
+ Faik Jo(us a) cusr Jo(uz a) ™, (12)
. . (1) 1)/
E'=LZ{C”lk_an (u;r)_Dnan (uSr)
U 'n T HY(us a) ¢ HP(usa)
ikn Jo(usr) _  w J:.(uar)} inf
+ F";;;;J,.(uza) G”E Ja(usa) e™. (13)

Here H{’ are Hankel functions of the first kind in standard notation. The co-
efficients F, and G, determine the incident wave, while the coefficients C, and D,
determine the reflected wave, i.e., the external response to the incident wave. All
these coefficients are related via the boundary conditions which are that E,, B.,
Ey, and ¢ E, are are continuous across a boundary. These yield the following

equations:

An = Cn + Fn;
Bn = Dn + Gn, (14)
ik_nA — i"i&(ula) Bn = i,c—nCn _ i Hsll),(uaa) ..
uta ¢ Ju(uma) uia usc HM(uza)
ikn w Ju(usa)
tkn p _ @ Jowa) o (s
+ wia us ¢ Ja(usa) ¢ (15)
) [El_c Ju(ura) _wn p :I _ [ic HY (uza) _wn p
W To(wma) " wWeca " N BOwa) " dea ™

4k Jama) o on G,.]. (16)

us Jo(usa) " dica

We now eliminate 4, and B, from Egs. 15 and 16 using Eqs. 14. It is then straight-
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forward to solve the resulting equations for C, and D, in terms of F, and G, :
Carrying out the required algebra we obtain the relations

Co = A% Fo + 4% Ga, (17)
D,. = A21.1 F,. + A2”2 Gﬂ’ (18)
where

4 ’
A = g___,z = 575’ (19)

4 ’
A = H, (20)

!’ — ?
ERFEES
a7 = 2=, (22)

and
ikn | 1 1
«m =t g (2)
5’=—8'=Z’—Z{:—g‘%}’ (24)
w [ HP (uza) J: (ula)}
=Y n - tn 2
5 c{quf,”(usa) wJ.(ma)f’ (25)
8=9{J:.(ula) _ J;(uaa)} (26)
c \mJn(a) wusJo(usa)l’
r o a J:»(ula) _ € Hﬁ.l)'(uaa)}
* = lk{ﬁi Ja(ma) u HP(wa) )’ (27)
r o fa Ju(uza) _a J:.(ula)}

L 'k{zTa Ju(wa)  w Ja(ma) |’ (28)

Eqs. 14 and 17-28 completely determine the response of a single cylinder of radius
a to an arbitrary incident electromagnetic wave.

We now identify this arbitrary incident wave with a reflected wave from a second
cylinder. This second cylinder is taken to be parallel to the first and is distance R
from the first. Suppose that the second cylinder has radius b and dielectric suscepti-
bility 2 = e2{w). We choose a second cylindrical coordinate system (r; , 8, , z5) with
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axis z, along the axis. It is clear that the z components of the reflected fields for the
second cylinder can be written

! H (usrz) infy

E, = Z:C FOwh) ¢ (29)
’ H (uarz) infy

B—Z;D H“)(ub)e . (30)

We must now identify these fields with the incident waves for the first cylinder.
This can be done if we note the addition formula for Hankel functions (8)

HY (usr) €™ = > HRX. s R) Ju(usr) ™. (31)

Then the electric field given by Eq. 29 can be written as

(1) .
n B TR

We can now identify the coefficient of e'™? with the coefficient F,, which occurs
in Eq. 10. Thus

(1)
mTrn R
F,,=Jm(uaa)2”:c;—lﬁn-&“—b)). (33)

Similarly, from Eq. 30 we can relate the coefficients D, to the Gy, of Eq. 11 using
Egs. 30 and 31:

’ 1(:)n 8R
Gn = Jm(uaa)E;D,.Tzl%b—)). (34)

From Egs. 17, 18, 33, and 34 we deduce that

=;A,‘,.‘A,,.,.c£.+2"jA}3A,,.,,D;, (35)
=;A,’,.‘A,.,.ci.+2”‘,A,”fAmD;, (36)

where
Ao = Tt @) o s R) (37)

HY(usb) *

These equations can be written in a more compact form if we introduce a column
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vector

= g’" , (38)
and a matrix
{
AllA . A12A .
M= i, R T I (39)

Then Eqs. 35 and 36 have the convenient form
r=mr. (40)
1t should be clear that there exists a similar equation
I = NT, (41)

where N is obtained from M by replacing a by b and u; by u, where

2
u§=%2—k2. (42)

Together Eqgs. 40 and 41 provide a condition for consistency on the allowed normal
modes responsible for the interaction. This is

D(w) = Det|1 — MN | = 0. (43)

In terms of this dispersion relation the free energy of interaction is given by the
usual expression (6, 9, 10)

kT (7

F(a,b,R) = 7 b dk Y In D(it,); & = 2xnkT/h. (44)

n=0

3. DISPERSION RELATION FOR THIN CYLINDERS

The expression obtained in the previous section for the dispersion relation and hence
the force solves the problem completely in principle. In practice of course, Eq. 44
is quite useless unless it is reduced to a less intractable form. In this section we spe-
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cialize to the case of “thin” cylinders a, b << R, (or “fat” cylinders far apart). We
consider this case for two reasons: (a) the problem can be done, and (b) we have in
mind subsequent applications to the energies of interaction of linear polyelectro-
lytes like DNA. For that problem the nature and magnitude of retardation effects,
which presumably have some bearing on the specificity of interactions, are not
immediately obvious from a consideration of planar interactions (1, 11, 12).

In order to carry out the required reductions, we proceed by a method similar to
that developed in our previous study of the nonretarded forces between cylinders.!
We note first that for ¢/¢, k < 1/R then | us(i, k)R | < 1, and since a, b < R
we can expand the Bessel functions which occur in the matrix M in ascending
powers of the arguments. This procedure yields

wp @b (m+n—1)1 _a"b" s
M~ o =T < T (45)

The matrix elements decrease rapidly with increasing m and n. On the other hand,
when £/c, k > 1/R it is convenient to introduce the real positive variable

£2 1/2
v,={k2+_‘;} , (46)
c
such that
ui = ( es'rl2va)2- (47)
Then since
HY (z2¢"?) = — 2 e ™K(z) — 7 < arg z < ©/2, (48)
T

we see from Eqgs. 37, 39, and 48 that

My, < H3)w(us R) « Kpin(vs R). (49)

Thus in the region £/c, k > 1/R, ie. | vsR| < 1, we can use the asymptotic expan-
sion of Knin(z) to deduce that

e—v;R

VgR ‘

M:.e, o« (50)
Again the matrix elements decrease rapidly for all m and n. These arguments sug-
gest that to the leading order of approximation, in evaluating the matrix MN we
need only to retain matrix elements for m, n = 0, ==1. This expectation is borne out
by a more detailed analysis.

In order to evaluate the free energy of interaction (Eq. 44) explicitly we require.

In {Det|1 — MN |} = —Tr {MN + 14 MN-MN + ---}. (51)
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It can be shown that only the leading term contributes to leading order, so that we
can take

In{Det|1 — MN|} =~ —> MuNim. (52)
m,3
In the resulting trace (Tr) we now retain only terms for which m, j = —1, 0, +1.

Substituting Eg. 52 into Eq. 44 yields

o ® 41
Fab,R) > =5 [ ak 3 3 Muy . (53)

m=0 m,j=—1
A further reduction can be carried out to simplify this expression still more. The
dominant contributions to the integral over k and sum over frequencies £, in Eq.
53 come from the region voR < 1. Hence the Bessel functions of argument u, a,
ua b which occur in the matrix elements M,,; , N;» can be expanded in powers of ua
and ub. Only the leading terms contribute to leading order. Using the limiting forms
(13) we find after some algebra that

. .
u_(a & Us
A _(ug u¥>6_1+es n 0, (54)
= (i_‘_fl_) a2u§ In (uza) n=0, (55)
2¢;
. 2
u_defa_al
ke {u§ u%} at e 0,
’i - i’z _l_ _ _1_ €3 2
T {u% ug} @tas 70
Y €3 2 _l_ _ l
Sl L {u% u%} nE0
=0 n=0, (58)
An = abir (%) Hél)(ugR), (59)
Ao = bir (%) H" (us R), (60)
_ _ir (us\ H{"(us R)
Ay = af(f)W’ (61)
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_ir H" (s R)

Aoo = ? m ) (62 )
2
Ay— = —abir (’g) H(us R). (63)

From Eq. 37 we note also that

All = —A—l,—l; A1,—1 = A—l,l s
Ao = A-,0; Aoy = Ao (64)
From Eq. 52 we find

+1
In{Det|1 — MN |}~ > MuNm,

m,j=—1

= —AoBowAt'By — 24nBidy Bi' — 241Bndi' By
- 2{AllBll + Al,—lB—l,l}
- {AVBY + AVBY + AVBY + 4V BYY, (65)

where the functions B are obtained from the functions 4 by replacing a with b and
e; with e . Explicitly, after substituting Eqs. 54-64 into Eq. 65 we have

2;2
In {Det |1 — MIN|} = —T” (o = ‘l)effa — ) 4K R)
3
(12b2 €3 €2 € — € ( ) us( R)
——2— ;%—v—g e_———3(€3+62)+ € > €) Vs L1l Vs

_@2{(2 _2> <f_s _f_z> v

2 vi o v\ ) (a+ a)le + )

" & vive [1____1_:":_1_ _l]
(a+e)e+ea) v villvi v

G- Drebfira o)
i i/ i/ (et ea)et+ e !

X {vslK3(vs R) + K5(v: R)1}. (66)

To obtain this expression we have used the identity Eq. 48. The quantities v, are
defined by Eq. 46.

The free energy is now given by substituting expression 66 into expression 44.
To proceed it is convenient to split Eq. 66 into two regimes corresponding to high
and low frequencies.

(@) At low frequencies: ¢ < £ = ¢/RVe . In this case we can simply replace
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ve by k. The 5th, 6th, and 7th terms on the right-hand side of Eq. 66 then vanish
and we obtain
logt<t {Det |1 — JIN |} ~ ab (6 — &) — &) 4 2(kR)

&

*¥@;3@;ﬂwwwH«%m

~F (55 (559 + wowrmmn. (@)

Substituting Eq. 67 into Eq. 44 gives the contribution of these low frequencies to
the free energy. They yield a nonretarded contribution proportional to R~ similar
to that obtained elsewhere.! Thus

F<(a, b, R)
_ kT

T2 ta<ts S0

7 a?b? , — a)(e — &)
wmﬂg@ :

rons(232) (352 + o [T (FD + o w ]} @

(b) For high frequencies: ¢ > & = ¢/R\/e. The analysis of this case is more
complicated and details are given in Appendix II. For the case where £, is in the
visible or near infrared, we can use the transformation kT J_¢ — #/2x [ d¢ to obtain

" dk logt<* [Det |1 — MN|]

F>(a, b, R)

="
4x? b

2b PRV ot/ EaRse E\/_ 712
“F () [ ()
(s — &)(es — &) {(és — €1) (63 )
X[ 4€§ + p” ez+ +(€1H€2) 64£R'\/—
g —a\fea— e _(23\/5—-1) c :I
+<es+el> <€a+ﬁ>{l 32 ER\/EZ} | (69)
The integrals in Eq. 69 can be simplified when we note that the main contribution

comes from frequencies £ > £ . We can therefore replace the dielectric suscep-
tibilities in Eq. 69 by their values at £ (we denote these by e etc.). It remains to

dt fE “ dk 1og®® [Det |1 — N ],
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evaluate integrals of the form
f ® dge e
£

where n = 74 and 93. Introducing a change of variable x = 2{/£, we can write

these as

ﬂ+1 E ;n+l

f dxe"x" = T(n + 1;2). (70)

2n+1 A

I' is an incomplete gamma function (13). Substituting Eq. 70 into Eq. 69 we finally
obtain

F>(a,b,R) = —

abher®®  [(& — &) (et — &)
87/ a2 "R 4

() EF) o]

(EDERH-=%T ™

The retarded contribution to the free energy of interaction is then proportional
to R°. The total free energy of interaction is then F(a, b,R) ~ F<(a, b, R) + F~
(a, b, R).

4. SUMMARY AND CONCLUSIONS

We have derived the retarded van der Waals free energy of interaction between two
long thin dielectric cylinders immersed in a solvent. In the limit R — O the result
given by Egs. 72, 68, and 71 reduces to the nonretarded interaction derived by us
elsewhere."? From expression 69, however, it is clear that as R increases, the con-
tributions to the interaction energy from frequencies greater than &, are strongly
damped due to the exponential factor. This damping corresponds to distance
R ~ ¢/2t8\/¢ . In the ultraviolet s~ 1 and thus a typical ultraviolet frequency
~1.5 X 10" rad/s is damped for distance R > 100 A. It is clear that specificity in
macromolecular interactions due to ultraviolet and infrared correlations will not
occur until the molecules are much closer, i.e., R > 50 A. At “large” distances
[=>0(50 A)], the temperature-dependent entropic contribution to the free energy
due to microwave fluctuations across water will dominate in biological systems
(1, 11, and footnote 1).

Dr. Richmond was a Queen Elizabeth II research fellow.
Received for publication 14 January 1972.

1 Mitchell, D. J., B. W. Ninham, and P. Richmond. 1972. J. Theor. Biol. 37:251. This paper deals
with the effects of anisotropy.
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APPENDIX I

Inside a cylindrical region, the cartesian components of the electric field which are solutions
of the wave equation, Eq. 5, can be written:

E, = Y A J.(ur)e, (A1)
E. = Y XuJo(ur)e™, (A2)
E, = D Y. J (ur)e™s. (A 3)

The radial and tangential components E, , Ey are given in terms of E; and E, by the usual
relations

E, = E, cos 0 -+ E, sin 6, (A4)
Ey = —E,sin 0 + E, cos 6. (AS)
From Eqgs. A 2, A 3, and A 4 we obtain
E =32 (Wadus + Zudur)e™, (A6)
where
Wa = 33(Xo1 — i¥nn),
and

Zn = %(Xn+l + iYn+1)~
From Egs. A 2, A 3, and A 5 we similarly obtain

Ey =i, (Waday — ZpJup1)e™. (A7)
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The coefficients 4,,, W, , and Z, are not independent. Substituting Eqs. A 1, A 6, and
A 7 into the Maxwell equation 7 - £ = 0, which in cylindrical coordinates is

1 9,

19
T B 42 22

+ ikE. = 0,

we obtain

Wadnsz + ZuJun + - [W Jomt + Zpduis — MWoduy + 1ZoJul

+ l— Andn = 0!'
u
Using the recurrence relations for the Bessel functions (13) we obtain
ik
—W.Jo + Z,.J, + - AuJ, = 0.
Since this holds for all values of the argument of the Bessel function this yields
ik
Zn_Wn+'z_"An=0° (AS)
The z component of the magnetic field can be written

= > B, J,(ur) e, (A9)

This is related to the electric fields Ey and E, by the Maxwell equation iw/c B = V X E.
In cylindrical coordinates the relevant component for our purpose is

‘-"’-B,=1(E,— )+@-". (A10)
c r
Substituting Egs. A 6, A 7, and A 9 into Eq. A 10 we obtain
WaTss = Zau + oo Wadis = Zudwis — nWadus = nZuduidd = 2 B,
Again using the recurrence relations we obtain

w

W, —Z, = 2 B,. (A11)
cu

Egs. A 8 and A 11 determine the coefficients E, E; of the electric fields in terms of the co-
efficients of E, and B, . Solving the equations for W, and Z, in terms of A, and B, and
then substituting into the expressions A 6 and A 7 we obtain the expressions 9 and 10 quoted
in the main text. The expressions 14 and 15 follow in a similar manner.
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APPENDIX II

To reduce Eq. 69 we must integrate Eq. 66 over k. The general method is well illustrated by
a particular example. Consider for example, the second term on the right hand side of Eq. 66.
This gives an integral

= [ ar(e —2) g
1= fo dk (v§ vg> WK (% R). (A12)
Introduce new variables
c
p= Yo, (A13)
Ve
and
& 2
s2=|:p2—1+—2:| . (A14)
€

I can now be expressed as

I= (fé_\cé_g;)s (6 — ) flwdpp‘(p2 =

D' ks <£\/c:3Rp>. (A15)

We are interested in the retarded contribution to the free energy, i.e., when tVeaR/c > 1.
Therefore we can replace the Bessel function by its asymptotic form for large argument
(13). This yields

S3

4 © 40 2 _ 1/2
1- (o) ra-w [ @2 D ep - ivaron. (al6)

The substitution p = cosh u now yields

=\ 4 @ . 2 4
I= (E\/ és) % (& — &) f du sinh® u cosh® u
¢ o <cosh2 u+2— 1)

€3

-exp [— (28 &R/c) cosh u]. (A 17)
In most cases the distance regime is such that retardation is of significance only for high

frequencies (i.e., visible, ultraviolet). In this region ¢, ~¢; ~ 1. The denominator can now
be simplified and we obtain

4 @®
I= (‘c’__\c/_e—s> % (e — €) /0 du sinh® u cosh® u
-exp [—(2¢ v/&R/c) coshul. (A 18)

The integral over u can be evaluated exactly after we note that

sinh® u cosh® u = % [cosh 4u — 1]. (A 19)
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We obtain

S I

Again we replace the Bessel functions by their asymptotic form for large argument. The
leading terms cancel and it is necessary to go to second order in the expansion which is

Kv(z)~1/%r_2e—’{l+4v8;1---}. (A21)

Substituting this expression into Eq. A 20 we finally obtain

_(tVe 2 2 (g — &) 63 _
I_< c > spE—g g P [- (2 VaR/0l  (A22)

If the frequency regime is such that ¢;/es << 1 or >> 1 then different expansions must bz
used for the denominator in Eq. A 17. The final result, however, does not differ significantly
from the one above. The other integrals are done in an identical way.
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